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When musicians use the term overtone series, they are generally referring to a set of 
frequency components that appear above a musical tone. The related term harmonic series is a 
more precisely defined concept with applications in both mathematics and music. Though 
musicians frequently use these terms interchangeably, the term harmonic series specifically 
refers to a set of numbers related by whole-number multiples. For example, the set of frequencies 
1000, 2000, 3000, 4000, 5000, 6000, etc., given in Hertz (Hz.) or cycles per second, expresses a 
harmonic series; so does the series 500, 1000, 1500, 2000, 2500, 3000, etc. The etc. indicates that 
the series continues indefinitely. Notice that the difference in frequency between adjacent 
members of both series is constant, that is to say, the harmonics are equally-spaced. The lowest 
frequency component of such a series is called the fundamental. For example, the fundamental of 
the first series is 1000 Hz. and the fundamental of the second series is 500 Hz. The other (higher) 
frequency components are called overtones, harmonics or partials. 

 
o•ver•tone  ÒOne of the frequency components of a sound other than that of lowest 
frequency. Usually overtones are numbered consecutively in ascending order of 
frequency; they need not be harmonic.Ó 
 

Murray Campbell, Grove Dictionary of Music Online 
 
A compact way to express this type of series is to use frequency-multiple notation. For 

example, 1000, 2000, 3000, 4000, 5000, 6000, etc. and 500, 1000, 1500, 2000, 2500, 3000, etc., 
can both be expressed as: 
 

f0, 2 f0, 3 f0, 4 f0, 5 f0, 6 f0, etc.                                                (1) 
 
where  f0 is the fundamental frequency, and the whole numbers numbers to the left of each f0 
indicates the respective frequency multiplier. 
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A harmonic series may also be expressed using musical staff notation, as shown in Fig. 1. 

 
Fig. 1. The first 20 partials of a harmonic series for the fundamental pitch C21 (ca. 65.4 Hz.) 
expressed in traditional musical staff notation with frequency multiples are indicated between the 
staves. The - and + symbols indicate that the notated pitch is significantly lower or higher, 
respectively, than the same pitch on a modern piano. 

 
This traditional way of notating a harmonic series is obviously less compact and precise than the 
frequency-multiple notation shown above in (1). Nonetheless, it provides a convenient way for 
musicians to memorize the harmonic series as a kind of chord/scale of nature. Once memorized it 
can easily be transposed to any fundamental pitch. For example, Fig. 2 shows the first 20 partials 
of a harmonic series on A1 (ca. 55 Hz.).  
 

 
Fig. 2. The first 20 partials of a harmonic series for the fundamental pitch A1 (ca. 55 Hz.). 

 
The series in Figs. 1 and 2 may also be expressed using frequency multiple notation: 
 
 f0, 2 f0, 3 f0, 4 f0, 5 f0, 6 f0, 7 f0, 8 f0, É,  20 f0 (2) 
 
where the ellipsis (ÔÉ Õ), like the etc. in (1), is used to imply logical continuation of the series. 
Note that the frequency of each partial has been also been specified in Fig. 2. The frequency of 
each partial is calculated by multiplying the fundamental frequency, in this case 55 Hz., by the 
frequency multiple or partial number between the staves. Take a moment to verify the frequency 
calculations. 
 

A simple explanation for why such a series of tones appear over the pitch we actually 
perceive may be found in the physical model of a plucked string. We will explore this model and 
the relationship between string length and pitch interval in the next two sections in order to gain 
a deeper understanding of why this pattern occurs in nature. 

 
 

ÒFrom this picture it is easy to deduce NatureÕs tendency to form ever smaller intervals 
by the successive divisions of a vibrating body.Ó 
 

Heinrich Schenker, Harmony 

                                                
1 C4 is middle C. This pitch notation standard is suggested by the Acoustical Society of America. 
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The Plucked Str ing Model 
 

Fig. 3 shows a monochord.  
 

 
Fig. 3. A monochord. 

 
The illustration above is from Paul Hindemith's book The Craft of Music Composition (1942), 
one of the last centuryÕs best know introductions to the role of the overtone series in theories of 
musical structure. The monochord is a simple musical instrument used by theorists since the 
Middle Ages to investigate the relationship between string length and pitch interval. A 
monochord has three main components: 1) a string fixed at both ends, 2) a moveable bridge, and 
3) a resonating body. When plucked, the monochord's string vibrates at a rate directly 
proportional to its length. This is the stringÕs fundamental mode of vibration. Of course, the 
stringÕs density (mass per unit length) and tension must also be taken into account. For the sake 
of simplicity, let's leave those variables aside for now. It has been demonstrated experimentally, 
that the fundamental mode is not the only mode of vibration of the string. In addition to vibrating 
over its entire length, a string simultaneously vibrates over fractional divisions of its length 
 
 1/L, 1/2 L, 1/3 L, 1/4 L, 1/5 L, 1/6 L, É  (3) 
 
producing a series of harmonically-related partials 
 
 x, 2x, 3x, 4x, 5x, 6x, É  (4) 
 
where L is the length of the string and x is the fundamental frequency. Notice that the frequencies 
shown in (4) are inversely proportional to the fractional string length divisions shown in (3). Fig. 
4 shows the first three simultaneous modes of vibration of a string whose length is L and 
fundamental frequency is 100 Hz. 
 

 
Fig. 4. Simultaneous modes of vibration of a string (not to scale). 

 
Theoretically, an infinite number of these multiple modes of vibration exist, each mode 
producing its own overtone. Finally, it should be mentioned that the amplitude of each overtone, 
which we associate with its loudness, tends to diminish as one ascends the series because the 
shorter segments of the string have less freedom to vibrate. 
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Music psychologists have shown that the ear-brain system tends to fuse harmonically-related 
frequency components  into a single sensation we call pitch. Rather than perceiving the many 
individual harmonically-related partials of a musical tone, we ordinarily perceive an identifiable 
tone color, or timbre, whose pitch is associated with the fundamental frequency of the harmonic 
series experienced. It is important to know that a series of frequency components that is nearly 
harmonically-related, for example, 
 
 f0, 2.01 f0, 3.05 f0, 3.99 f0, 4.98 f0, 6.02 f0, etc. (5) 
 
 
also produces a sensation of pitch. The process by which the ear-brain system fuses individual 
pure tone, or sinusoidal, components together to form a single pitch sensation is called fusion. A 
stunning discovery made by music psychologists doing research on fusion in the 1920s was that 
the omission of the fundamental frequency from a series of harmonically-related components 
does not change our sensation of its pitch. Fusion is but one example of the link that exists 
between the harmonic series and our perception of timbre. We will explore the issue of timbre 
further in the last section. 
 

ÒÉp itch is the intersubjective correlate of frequency.Ó 
 

Robert Morris, Composition with Pitch-Classes 
 
Str ing Length and Pitch Interval 
 

The discovery of a numerical relationship between string length and pitch interval is 
commonly attributed to the Greek philosopher Pythagoras (c.550 BC). Returning to the plucked 
string model discussed in the previous section, we say that the pitch produced by a string of 
length 

!  

1

2
L sounds an octave higher than the pitch produced by a string of length L with 

fundamental frequency f0. As shown in Fig. 5, another illustration from HindemithÕs The Craft of 
My Musical Composition, the octave can be defined as the interval whose frequency ratio is 

! 

2
1  f0, 

or more simply 2:1. 
 

 
Fig. 5. String length division diagram from HindemithÕs The Craft of My Musical Composition. 

 
Now letÕs divide the string into three equal segments, each having length 

!  

1

3
L. When plucked, 

each segment will produce a pitch whose frequency is 

!  

3
1  f0, a perfect twelfth whose interval 

frequency ratio is 3:1. Finally, letÕs divide the string into two unequal segments, for example, 

! 

2

3
L 

and 

! 

1
3 L . If we pluck the 

! 

2
3 L  segment, it will produce a pitch whose frequency is 

!  

3

2
 f0, a perfect 
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fifth whose frequency ratio is 3:2. In the previous examples, note the reciprocal relationship that 
exists between string length division ratios and interval frequency ratios. For example, in the 
previous example,

!  

2
3  and 

!  

3
2 , the top number (numerator) and bottom number (denominator) of the 

fractions switch places. Finally, it should be stated that ratios are notated in a variety of 
equivalent ways. Equivalent notations for 

!  

3
2  include 

! 

3
2
, 3/2, and 3:2. We will use the latter 

notation from this point forward since typographically it is the most space efficient.  
 

 ÒLegends have come down to us, through the late Roman write Boethius among 
others, relating how Pythagoras ÔdiscoveredÕ this scale: they alleged that Pythagoras 
noted the harmonious relationships of the sounds produced by the hammers in a 
blacksmithÕs forge, and further investigations revealed that the masses of these 
hammers were, extraordinarily, in simple whole-number rations to each otherÉ that 
consonant sounds and simple number ratios are correlatedÐthat ultimately music and 
mathematics share the same fundamental basis.Ó 
 

Neil Bibby, Music and Mathematics 
 
The Path to Just Intervals 
 

Because of their association with the overtone series, intervals such as 1:1, 2:1, 3:1, 3:2, 4:3, 
5:3, 5:4, and so forth are called natural or pure intervals. Natural intervals found in the lower 
reaches of the overtone series are called just intervals. Fig. 1 can be used to look up the just ratio 
for most traditional tonal intervals. For example, let's use Fig. 1 to look up the ratio for a just 
perfect fifth. To do this, search in left-to-right order looking for the first perfect fifth you 
encounter between any two members of the series. Notice that a perfect fifth is formed by the 
second and third members of the series. Use the partial numbers between the staves to determine 
the interval frequency ratio, in this case, 3:2. Confirm this finding by searching for other perfect 
fifths higher up in series. Verify that each perfect fifth you find can be simplified to 3:2. For 
example, 6:4, 12:8, and 18:12 are all just perfect fifths which may be expressed in simplest form 
as 3:2. Fig. 1 can be used to determine the interval frequency ratio for most traditional intervals, 
but not all of them. For example, search for a tritone among the partials notated as whole notes. 
You shouldnÕt be able to find one. For pratice, use Fig. 1 now to determine the just ratio for the 
traditional tonal intervals listed in Fig. 6a: 
 

a. perfect f ifth, b. perfect fourth, c. major sixth, d. major third, e. minor third 
f. minor sixth, g. minor seventh, h. major second, i. major seventh, j. minor second 

 
Fig. 6a. Common traditional tonal interval names. 

 
You will find these that intervals are equivalent to the following just ratios, respectively: 
 

a. 3:2, b. 4:3, c. 5:3, d. 5:4, e. 6:5 
f. 8:5, g. 9:5, h. 9:8, i. 15:8, j. 16:15 

                  
Fig. 6b. Just frequency ratios corresponding to the 

traditional tonal intervals listed in Fig. 6a 
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Notice how all of the numbers involved in the ratios shown in Fig. 6b are either a multiple of 2, 
or a multiple of a prime number not greater than 5. We can use these ratios to build the just (5-
limit) diatonic scale shown on C4 in Fig. 7. 
 

Pitch C4  D4  E4 F4  G4  A4  B4 C5 
Frequency 

!  

1
1   

!  

9

8
  

!  

5

4
 

!  

4
3   

!  

3
2   

!  

5
3   

!  

15
8  

! 

2

1
 

Interval  

!  

9
8   

!  

10
9  

!  

16
15   

!  

9
8   

! 

10
9   

!  

9
8  

!  

16
15   

 
Fig. 7. A just (5-limit) diatonic scale on C4. 

 
We will discuss scales and tuning systems in more detail in the next section. ItÕs time for you to 
take a moment to become familiar with the sound of just intervals. Click here to go to a page 
where you can hear some just intervals using the free QuickTime player, or consider 
downloading my program String Length and Pitch Interval (SLAPI), a natural interval player 
and tuning calculator. SPLAPI can play any natural interval frequency ratio from 1:1 and 
9999:9999, inclusive.  
 

 ÒÉt he musical scale is a convention which circumscribes the area of potentiality and 
permits construction within those limits in its own particular symmetry.Ó 
 

Iannis Xenakis, Formalized Music 
 
The Path to Scales and Tuning Systems 
 

Imagine a melody that employs only octave-related pitches. How boring. Clearly we perceive 
the octave to be a very large intervallic span. Smaller intervals are obviously required if we are to 
achieve a greater degree of melodic expressiveness. Many cultures, including our own, have 
gone so far as to assume that octave-related pitches should be considered equivalent. This 
important musical principle, known as octave equivalence, lies at the very foundation of tuning 
theory. But exactly how does one go about dividing up the octave to create a scale? This is a 
rather complex question, so we will only introduce the most basic principles here. Our goal will 
be to provide you with some insight into the relationship that exists between the overtone series 
and the 7-tone diatonic and 12-tone chromatic scales, perhaps the two most important scales in 
Western music. 
 

 
On recognizable diatonic tunings 
ÒThe structure of recognizable diatonic tunings is basically an array of intricate 
interconnections...which are the very foundation of what is perceived as tonal 
harmonic motion, are shaped by the short-term span of human memory, the tolerance 
range of the human ear, and the peculiar manner in which intervals are perceived.Ó 

Easley Blackwood, The Structure of Recognizable Diatonic Tunings 
 

The word scale is derived from the Greek word, skala, meaning steps. To create a scale, we 
divide the 2:1 octave, or other basic interval like the 3:1 tritave, into discrete steps. The size of 
each step is chosen to achieve a specific musical goal. Sometimes the goal is melodic in nature, 
other times it is harmonic, a combination of the two, or perhaps some other musical goal 
established by a composer or instrument maker. The important thing to remember is that scales 
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are essentially patterns of intervals that cyclically repeat at the basic interval. The exact size of 
each interval may be determined (i.e., tuned) in a wide variety of ways. For example, Fig. 8 
shows three different historical tunings of the familiar diatonic scale. 

 
Pitch C4  D4  E4 F4  G4  A4  B4 C5 
Pythagorean 
frequency 

!  

1
1   

! 

9
8   

!  

81

64
 

!  

4
3   

!  

3
2   

!  

27
16   

! 

243
128 

!  

2
1  

Just 
frequency 

!  

1
1   

!  

9
8   

!  

5
4  

!  

4
3   

!  

3
2   

!  

5
3   

!  

15
8  

!  

2
1  

 
Fig. 8. A comparison of the frequency ratios that represent  

a Pythagorean and just  tuning of a major scale on C4. 
 

The ancient Greek diatonic scale was based on the Pythagorean system. By the Middle Ages (c. 
476-1453) a just tuning of the diatonic scale had emerged as a competitor to the Pythagorean 
system. In the Renaissance (c. 1450-1600), theorists such as Giuseppe Zarlino advocated the  
adoption of just intonation. In the late Renaissance, the idea of a temperamentÐan adjustment to a 
tuning system like Pythagorean or just that requires irrational numeric representation of its 
constituent frequencies, becomes a central topic of artistic and scientific and debate involving the 
likes of Marin Mersenne, Francesco Salinas (1530-90), Vincenso Galilei (Galieo GalileiÕs 
father), and Issac Newton. Fig. 9 shows SalinasÕ mean-tone temperament. 
 

Pitch C4  D4  E4 F4  G4  A4  B4 C5 
Frequency 

!  

1
1   

!  

1
2 5   

!  

5
4  ?  

!  

54   ?  ? 

! 

2
1  

 
Fig. 9. A major scale on C4 using SalinasÕ mean-tone temperament. 

 
Notice that the just scale in Fig. 7 suggests two different sizes for the whole tone: 9:8 and 10:9. 
Though both are members of the overtone series, having two different sized whole tones means 
that when a scale or melody is transposed to a new key, its interval pattern will not be 
maintained. To attempt to address this problem, Salinas proposed that the size of the whole tone 
should be equal to the geometric mean of 9:8 and 10:9: 
 

!  

9
8 * 10

9 = 5
4 = 1

2 5  
 
Other competing temperaments such as Werkmeister, well temperament and equal temperament 
were also proposed. Each of these system offers its own set of benefits, as well as introduces new 
musical problems so musicians must choose which system works best for their music.  
 

Our currently accepted standard for tuning fixed-pitch instruments like the piano is twelve-
tone equal temperament (12TET). It emerged as a competitor in the early eighteenth century. It 
should perhaps be mentioned here that an equal division of the 9:8 tone was suggested as early as 
the Greek philosopher Aristoxenus (b. c375-360 BC). 12TET divides the octave into twelve 
equal semitones. The size of the semitone is: 
 

! 

212 = 2
1
12 
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Fig. 10 shows a diatonic scale on C4 in 12TET. 
 

Pitch C4  D4  E4 F4  G4  A4  B4 C5 
Frequency 

!  

1
1   

!  

22/12  

!  

24 /12 

!  

25/12  

!  

27/12  

!  

29/12  

!  

211/12 

!  

2
1  

 
Fig. 10. A major scale on C4 in 12TET. 

 
Though 12TET solves the problem of interval mutation (that some of the intervals in a tuning or 
temperament will not remain the same size after modulation), it too has its detractors as 
articulated by Ben Johnston in a quote from the program notes to his Fourth String Quartet. 
 

On the horns of dilemma 
ÒOn the whole of the historical period of instrumental music, Western music has based 
itself upon an acoutical lie. In our time this lie--that the normal musical ear hears 
twelve equal intervals within the span of an octave--has led to the impoverishment of 
pitch usage in our music.Ó 

Ben Johnston 
 
The best way to learn more about tuning theory is to perform the calculations for yourself and 
explore what they sound like. Click on one of the links below to learn more about the following 
four systems. 
 

1.  Pythagorean - A tuning based on 3:2 f ifths. 
2.  Just - A tuning based on 3:2 fif ths and 5:4 thirds. 
3.  Mean-tone temperament - A temperament whose whole tone is equal to the geometric mean of the 9:8 

and 10:9 whole tones produced by a just tuning. 
4.  Twelve-tone equal temperament (12TET) - Our modern standard for tuning f ixed-pitched instruments 

that divides the octave into 12 equal-sized intervals, making free modulation without interval mutation 
possible. 

 
For excellent introduction to just intonation, as well as a more detailed historical perspective on 
tuning theory, consult Kyle GannÕs Just Intonation Explained and An Introduction to Historical 
Tunings. 

 
The Path to Consonance and Dissonance 
 

The nineteenth-century physicist Herman von Helmholtz (1821-1894) proposed a theory of 
consonance and dissonance based on the overtone series, beating and roughness. When two pure 
tones whose frequencies are very close one another (e.g., 440 Hz. and 442 Hz.) are sounded 
together, we perceive a single complex tone whose frequency is the average of the two pure 
tones (441 Hz.) with a periodic variation in the perceived loudness of the tone called beats that 
varies at rate equal to the difference of the two frequencies (2 beats per second). This is known 
as the beat theorem and the process of eliminating beats from intervals is familiar to most 
musicians because it is used in the tuning of many instruments. Though perhaps a gross 
oversimplification of the actual physical model, it is often convenient to think of musical tones as 
consisting of a series of harmonically-related pure tone components above the fundamental pitch 
we perceive. Additionally, recall that these pure tone components generally diminish in 
perceived loudness as one ascends the overtone series. Furthermore, recent studies by music 
psychologists suggest that only the first six pure tone components contribute significantly to our 



The Overtone Series: A path to understanding musical intervals, scales, tuning and timbre 
Reginald Bain 

- 9- 

classification of intervals as either consonant or dissonant. Though HelmholtzÕs theory is now 
considered to be too simplistic from the point of view of modern physics and psychoacoustics, it 
is still worthy of study because it provides insight into the relationship that exists between the 
overtone series and the common Òharmonious intervals.Ó Since the time of Pythagoras, many 
cultures have noted that frequency ratios involving relatively small integers, such as 1:1, 2:1, 3:2, 
4:3, 5:3, 5:4, and 6:5, produce the intervals deemed harmonious, stable or consonant. Helmholtz 
proposed that the degree of dissonance produced by a pitch interval is related to the degree of 
roughness produced by the partials of the two fundamental tones. According to Helmholtz, 
roughness was a quality associated with the number of semitone and whole-tone conflicts among 
the partials of the two fundamental tones. Please note that the term roughness has a different 
meaning in modern psychoacoustics. (For more information, see Beats, Critical Band, and 
Roughness). Fig. 11 shows the first six partial conflicts for nine common intervals. 

 

Fig. 11. Helmholtz degree of dissonance diagram after Campbell and Greated 1987. 
 
Fundamental tones are notated in the bass clef staff. The first six partials of each fundamental 
tone are shown in the treble clef staff using smaller noteheads. Semitone conflicts between 
partials are indicated using a solid line. Whole-tone conflicts are indicated using a dotted line. It 
was assumed by Helmholtz that a semitone conflict was perceived to be more dissonant than a 
whole-tone conflict. For each interval shown in Fig. 11, compare the number of semitone and 
whole-tone conflicts. You will find that the interval 16:15 seems to produce the most roughness, 
followed by 9:8, 8:5, and so on. It should also be mentioned that music psychologists make a 
distinction between sensory consonance/dissonance and musical consonance/dissonance, and 
have demonstrated that factors such as register and loudness play a large role in how we perceive 
the relative consonance or dissonance of musical intervals. 
 
The Path to Timbre 
 

In the 1970s John Grey, James A. Moorer, and J. C. Risset were some of the first musician-
scientists to use computers to analyze the sounds produced by acoustic instruments. Using 
computers, they were able to isolate the individual partials of acoustic instrument tones and show 
how each partial's amplitude progressed independently through time. Fig. 12 displays an analysis 
of a trumpet tone produced by Grey and Moorer (Dodge 1997). 
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Fig. 12. The amplitude progressions of the partials of a trumpet tone.  

 
The graph in Fig. 12 is 3-dimensional. The three dimensions are: 1) time, read left-to-right, 2) 
amplitude, read down-to-up, and 3) partial number, read back-to-front. This type of diagram is 
called a spectral diagram because it unveils the frequency components of a sound source. Recall 
that when light is passed through a prism, the individual frequency component (colors) of white 
light are unveiled because they travel at different speeds through the glass medium. Similarly, 
Fig. 12 shows the first twelve partials of a trumpet tone. The first .5 seconds of the trumpet tone 
are displayed. Notice how the lower partials rise first. Also notice how the lowest tone 
components are both the loudest and the last to decay. From this analysis we can see that the 
basic building blocks of a trumpet tone can be expressed as harmonic partials (or perhaps more 
accurately, nearly-harmonic partials). In 1822, the French mathematician Jean Baptist Fourier 
(1768-1830) came forth with a mathematical proof demonstrating that any waveform or signal, 
no matter how complex, could be reduced to an infinite set of sinusoidal components. This type 
of analysis is called Fourier analysis. Most musical instruments produce waveforms that have 
been found to be periodic or at least quasi-periodic, meaning that a basic waveshape is repeated 
over-and-over throughout the course of the tone. Fourier analysis can be implemented on modern 
personal computers using a computationally intensive algorithm known as the Fast-Fourier 
Transform (FFT). On todayÕs fast personal computers, the FFT algorithm can be executed in 
real-time, opening up myriad possibilities for analysis and applications in live performance, in 
addition to its traditional use MP3 and other perceptual encoding compression techniques. 
 

On the human auditory system 
ÒÉ periodic is a term frequently used by scientists and engineers to describe a large 
class of signals whose component parts fall in the harmonic series, but in fact signals 
in nature are not periodic, and the human auditory system knows this to be so.Ó 

John Chowning, Perceptual Fusion and Auditory Perspective 
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