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When mudciansuse theterm overtoneseries, they are generally referringto a set of

frequency components tha appear aboveamusdcal tone Therelated term harmonic seriesisa
more precisely defined conaept with applicationsin both mathematics and musc. Though
mugciansfrequently use these terms interchangesbly, theterm harmonic series specifically
refersto aset of numbers related by whole-number multiples. For example, the set of frequendes
1000,2000, 300Q 400Q 500Q 600Q etc., given in Hertz (Hz.) or cycles per second, expresses a
harmonic series; so does the series 500,1000,150, 200Q 250Q 300Q etc. Theetc. indcates that
the series continues inddinitely. Notice that thedifference in frequency between adjacent
members of both series is condant, that isto say, theharmonics are equdly-spaced. Thelowest
frequency component of such aseriesis called thefundanental. For example, thefundamental of
thefirst seriesis 1000Hz. and thefundamental of the second seriesis 500Hz. Theother (highe)
frequency components are called overtones, harmonics or partials.

oever etone GDne of the frequency components of a sound other than that of lowest
frequency. Usually overtones are numbered consecutively in ascending order of
frequency; they need not be harmonic.O

Murray Campbell, Grove Dictionary of Music Online

A compact way to express thistype of seriesisto use frequency-multiple notation. For
example, 1000,2000,3000,4000,5000,6000,etc. and 500,1000,1500,2000,2500,3000,€tc.,
can both be expressed as:

f,2f,3f,4f,5f, 61, ec. (1)

where f,isthefundanental frequency, and thewhole numbers numbers to theleft of each f,
indicates therespective frequency multiplier.
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A hamonic series may also be expressed usng muscal staff notation, as shown in Fig. 1.
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Fig. 1. Thefirst 20 partials of aharmonic series for the fundamental pitch C2* (ca. 65.4 Hz.)
expressed in traditional musical staff notation with frequency multiples are indicated between the
staves. The - and + symbols indicate that the notated pitch is significantly lower or higher,
respectively, than the same pitch on a modern piano.

Thistraditiond way of notating a harmonic series is obvioudy less compact and precise than the
frequency-multiple notation shown abovein (1). Noneghdess, it provides a convenient way for
mugd ciansto memorize the harmonic series as a kind of chord/scale of nature. Once memorized it
can easilly betrangpoed to any fundamental pitch. For example, Fig. 2 showsthefirst 20 partials
of aharmonic serieson Al (ca. 55Hz.).
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Fig. 2. Thefirst 20 partials of a harmonic series for the fundamental pitch Al (ca 55 Hz.).

Theseriesin Figs 1 and 2 may aso be expressed usng frequency multiple notation:
f, 21, 31, 4f,5f, 6f, 7f, 81, E, 20f, (2)

wherethedlipss (& §, liketheetc. in (1), is used to imply logical continugion of the series.
Note that thefrequency of each partial has been also been specified in Fig. 2. Thefrequency of
each patial is calculated by multiplying the fundamental frequency, in this case 55 Hz., by the
frequency multiple or patial number between the staves. Take a moment to verify thefrequency
calculations

A simple explanaion for why such a series of tones appear over the pitch we actudly
perceive may befoundin the physcal modd of aplucked string. We will explore this modd and
thereationdhip between string length and pitch interval in the next two sectionsin order to gan
adeeper undestanding of why this pattern occursin nature.

Grrom this picture it is easy to deduce Nature® tendency to form ever smaller intervals
by the successive divisions of avibrating body.O

Heinrich Schenker, Harmony

! C4 ismiddle C. This pitch notation standard is suggested by the Acoustical Society of America.
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The Plucked String M odel
Fig. 3 shows amonodord.
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Fig. 3. A monochord.

Theillugration aboveis from Paul Hindemith'sbook The Craft of Musc Compostion (1942,
oneof thelast century@ best knowintrodudionsto therole of the overtoneseries in theories of
mugca structure. Themonodord isasimple mudcal ingrument used by theorists since the
Middle Agesto investigae therelationship between string length and pitch interval. A
monodord has three main components: 1) a string fixed at both ends 2) a moveable bridge and
3) aresonaing body. When plucked, themonodord'sstring vibrates at arate directly
propottiond to its length. Thisis the string®fundanental modeof vibration. Of course, the
string® dendty (mass per unit length) and tendon must also be taken into account For the sake
of smplicity, let'sleave thos variables asidefor now. It has been demondrated experimentally,
that thefundamental modeis notthe only modeof vibration of the string. In addition to vibrating
ove itsentirelength, a string smultaneoudy vibrates over fractiond divisonsof its length

1L, 1/2L, 1/3L, 1/4L, 1/5L, 1/6 L, E (3)
produdng a series of harmonically-related partias
X, 2X, 3X, 4%, 5x, 6x, E (4)
where L isthelength of the string and x is thefundamental frequency. Notice tha thefrequendes
shown in (4) are inversely proportional to thefractiond string length divisonsshown in (3). Fig.

4 shows thefirst three smultaneousmodes of vibration of astring who= lengthis L and
fundamental frequency is 100Hz.

Fig. 4. Simultaneous modes of vibration of a string (not to scale).

Theoretically, an infinite number of these multiple modes of vibration exist, each mode
produdng its own ovetone Findly, it should bementioned tha the amplitudeof each overtong
which we assodate with its loudness, tendsto diminish as oneascendsthe series because the
shorter segments of the string have less freedomto vibrate.
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Musc psychologists have shown tha the ear-brain system tendsto fuse hamonically-related
frequency components into a single sensation we call pitch. Rather than perceiving the many
individud harmonically-related partials of amusdcal tone we ordinarily perceive an identifiable
tonecolor, or timbre, whos pitch isassodated with the fundanental frequency of the harmonic
series experienced. It isimportant to know that a series of frequency componentstha is nearly
harmonically-related, for example,

f,, 2.01f, 3.05f, 3.99f, 4.98f,, 6.02f, etc. (5)

also produces a sensation of pitch. The process by which the ear-brain system fusesindividud
pure tone or sinusidd, componentstogether to form asingle pitch sensationis called fuson. A
stunning discovery made by musc psychologists doing research on fusonin the 1920swas that
theomission of thefundamental frequency from a series of harmonically-related components
does not changeour sensation of its pitch. Fusonis but oneexample of thelink that exists
between the harmonic series and our perception of timbre. We will explore theissue of timbre
further in thelast section.

CEp itch isthe intersubjective correlate of frequency.O

Robert Morris, Composition with Pitch-Classes

String Length and Pitch Interval

Thediscovery of anumerical relationship between string length and pitch interval is
commonly attributed to the Greek philosophe Pythagoras (¢.550BC). Returning to the plucked
string modd discussed in the previoussection, we say tha the pitch produced by a string of
length L soundsan octave highe than the pitch produced by a string of length L with

fundamental frequency f,. As shown in Fig. 5, another illugration from Hindemith® The Craft of
My Musical Compostion, the octave can be defined as theinterval whose frequency ratioiis £ f,,
or moresimply 2:1.

@ Fundamental
Octave Octave
P s —— —
1
2
Twelith Twellth Twelith
- e ey

Fig. 5. String length division diagram from Hindemith® The Craft of My Musical Composition.

Now |et@ divide thestring into three equd segments, each having length L. When plucked,
each segment will produc a pitch whose frequency is 2 f,, a perfect twelfth whose interval
frequency ratiois 3:1. Findly, let@ dividethestring into two unegud segments, for example, 2L
and 1 L. If wepluck the £L segment, it will produce a pitch whose frequency is 2 f,, aperfect
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fifth whose frequency ratio is 3:2. In the previous examples, note thereciprocal relationship that
exists between string length divison ratiosand interval frequency ratios For example, in the
previousexample, £ and 2, thetop number (nunerator) and bottom number (denominator) of the
fractionsswitch places. Findly, it should be stated that ratiosare natated in avariety of
equivaent ways. Equivaent natationsfor 2 indude 34, 3/2, and 3:2. We will use thelatter
notation from this point forward since typographically it isthemog space efficient.

Q_egends have come down to us, through the late Roman write Boethius among
others, relating how Pythagoras @iscoveredCthis scale: they alleged that Pythagoras
noted the harmonious relationships of the sounds produced by the hammersin a
blacksmith@ forge, and further investigations revealed that the masses of these
hammers were, extraordinarily, in simple whole-number rations to each otherE that
consonant sounds and simple number ratios are correlatedbthat ultimately music and
mathematics share the same fundamental basis.O

Neil Bibby, Music and Mathematics

The Path to Just Intervals

Because of ther assodation with theovertoneseries, intervalssuch as 1:1, 2:1, 3:1, 3:2,4:3,
5:3, 5:4, and so forth are called natural or pure intervals. Natural intervals foundin thelower
reaches of the overtoneseries are called jud intervals. Fig. 1 can beused to look up thejud ratio
for mod traditiond tond intervals. For example, let'suse Fig. 1 to look up theratio for ajug
perfect fifth. To dothis, search in left-to-right order looking for thefirst perfect fifth you
encounter between any two members of theseries. Notice tha a pefect fifth isformed by the
second and third members of the series. Use the patial numbers between the staves to determine
theinterval frequency ratio, in this case, 3:2. Confirm thisfinding by searching for other perfect
fifthshighe upin series. Verify tha each pefect fifth you find can besimplified to 3:2. For
example, 6:4,12:8, and 18:12 are al jud pefect fifthswhich may beexpressaed in simplest form
as 3:2. Fig. 1 can beused to deerminetheinterval frequency ratio for mog traditiond intervals,
butnotall of them. For example, search for atritone amongthe patias notated as whole notes.
Y ou shouldn®be able to find one For pratice, use Fig. 1 now to determinethejus ratio for the
traditiond tond intervalslisted in Fig. 6a

a. perfect fifth, b. perfect fourth, c. mgor sixth, d. magjor third, e. minor third
f. minor sixth, g. minor seventh, h. major second, i. major seventh, j. minor second

Fig. 6a. Common traditional tonal interval names.
Youwill find these that intervals are equivalent to thefollowing jud ratios, respectively:

a 3:2,b.4:3,¢.5:3,d.5:4, e 65
f. 85, g.9:5, h.9:8,i. 15:8,j. 16:15

Fig. 6b. Just frequency ratios corresponding to the
traditiona tonal intervalslisted in Fig. 6a
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Notice how all of the numbersinvolved in theratios shown in Fig. 6b are either a multiple of 2,
or a multiple of a prime nunmber not greater than 5. We can use these ratios to build the jus (5-
[imit) diatonic scale shown on C4 in Fig. 7.

Pitch Cc4 D4 E4 F4 G4 A4 B4 C5

Frequen 1 9 5 4 3 5 15 2
equency 1 8 4 3 2 3 8 1

Interval 2 L 16 2 L ] 16

Fig. 7. A just (5-limit) diatonic scale on C4.

We will discuss scales and tuning systems in more detail in thenext section. [t& time for youto
take a moment to become familiar with the soundof jud intervals. Click hereto goto apage
where you can hear some jud intervals usng thefree QuickTime player, or congder
downloading my program Sting Length andPitch Interval (SLAPI), anaura interval player
and tuning calculator. SPLAPI can play any naural interval frequency ratio from 1:1 and
99999999,indusve.

CEt he musical scale is a convention which circumscribes the area of potentiality and
permits construction within those limitsin its own particular symmetry.O

lannis Xenakis, Formalized Music

The Path to Scales and Tuning Systems

Imagine a melody that employsonly octave-related pitches. How boring. Clearly we perceive
theoctave to beavery largeintervalic span. Smaller intervals are obvioudy required if we areto
achieve a greater degree of melodic expressiveness. Many cultures, induding owr own, have
goneso far asto assume tha octave-related pitches should be consdered equivalent. This
important muscal prindple, known as octave equivalence, lies at the very founddion of tuning
theory. But exactly how does onego aboutdividing up the octave to create ascale? Thisisa
rather complex question, so we will only introdue themog basic prindples here. Our god will
beto provideyou with some ingghtinto therelationship tha exists between the overtoneseries
and the 7-tonediatonic and 12-tonechrometic scales, perhgposthetwo mog important scalesin
Western musc.

On recognizable diatonic tunings

Orhe structure of recognizable diatonic tuningsis basically an array of intricate

interconnections...which are the very foundation of what is perceived as tonal

harmonic motion, are shaped by the short-term span of human memory, the tolerance

range of the human ear, and the peculiar manner in which intervals are perceived.O
Easley Blackwood, The Structure of Recognizable Diatonic Tunings

Theword scale is derived from the Greek word, skala, meaning steps To create a scale, we
divide the 2:1 octave, or othe basc interval like the 3:1 tritave, into discrete steps The size of
each step is chosen to achieve a specific mudcal god. Sometimes the god is melodic in nature,
other times it is hamonic, a combinaion of the two, or perhgys some other musca god
established by a composer or indrument maker. The important thing to remember is tha scales
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are essentially paterns of intervals tha cyclically repesat at the basic interval. The exact size of
each interval may be determined (i.e., tuned) in a wide variety of ways. For example, Fig. 8
shows three different historical tuningsof thefamiliar diatonic scale.

Pitch C4 D4 E4 F4 G4 A4 B4 C5
thagorean 1 9 81 4 3 27 243 2
Eyequagncy 1 8 64 3 2 16 128 1
Just 1 9 5 4 3 5 15 2
frequency 1 8 4 3 2 3 8 1

Fig. 8. A comparison of the frequency ratios that represent
aPythagorean and just tuning of amajor scale on C4.

The andent Greek diatonic scale was based on the Pythagorean system. By the Middle Ages (c.
476-1453) a jud tuning of the diatonic scale had emerged as a competitor to the Pythagorean
system. In the Renassance (c. 1450:1600) theorists such as Giuseppe Zarlino advocted the
adopion of jud intondion. In thelate Renassance, theidea of atemperamentban adjusgment to a
tuning system like Pythagorean or jud tha requires irrational numeric representation of its
condituent frequendes, becomes a central topic of artistic and scientific and debae involving the
likes of Marin Mersenneg Francesco Sdinas (153090), Vincenso Galile (Galieo Galile®
father), and Issac Newton. Fig. 9 shows SalinasOmean-tonetemperament.

Pitch
Freguency

4 D4 E4 F4 G4 A4 B4

145 s 2 45 ? ?

[N Q)
LN 8

Fig. 9. A major scale on C4 using SalinasOmean-tone temperament.

Notice tha thejug scalein Fig. 7 suggests two different sizes for thewhole tone 9:8 and 109.
Thoughboth are members of theovertoneseries, having two different sized whole tones means
tha when ascale or melody is trangpoed to anew key, itsinterval patern will notbe
maintained. To attempt to address this problem, Salinas proposd tha the size of thewhole tone
should beequd to thegeometric mean of 9:8 and 10:9:

Vg ={i=15

Other competing temperaments such as Werkmeister, well temperament and equd temperament
were also proposd. Each of these system offersits own set of bendfits, aswell asintroduces new
mudcal problems so musciansmug choos which system works best for thar musc.

Our currently accepted standad for tuning fixed-pitch ingruments like the pianois twel ve-
toneequal temperament (12TET). It emerged as acompetitor in the early eighteenth century. It
should perhgpsbe mentioned here that an equd division of the 9:8 tonewas suggested as early as
the Greek philosophe Aristoxenus(b. c375360BC). 12TET dividesthe octave into twelve
equd semitones. Thesize of the semitoneis:

1
ldE=212
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Fig. 10 shows adiatonic scaleon C4in 12TET.

Pitch
Freguency

22/12 24/12 25/12 27/12 29/12 211/12

[N Q)

4 D4 E4 F4 G4 A4 B4 C5
2
1

Fig. 10. A major scaleon C4 in 12TET.

Though12TET solves the problem of interval mutation (tha some of theintervalsin atuning or
temperament will notremain the same size after modulation), it too has its detractors as
articulated by Ben Johngonin aquote fromthe program notes to his Fourth String Quartet.

On the hornsof dilemma

@Dn the whole of the historical period of instrumental music, Western music has based
itself upon an acoutical lie. In our time this lie--that the normal musical ear hears
twelve equal intervals within the span of an octave--has led to the impoverishment of
pitch usage in our music.O

Ben Johnston

Thebest way to learn more abouttuning theory isto perform the calculationsfor yourself and
explore wha they soundlike. Click on oneof thelinksbdow to learn more aboutthefollowing
four systems.

1. Pythagorean - A tuning based on 3:2 fifths.

2. Just - A tuning based on 3:2 fifths and 5:4 thirds.

3. Mean-tone temperament - A temperament whose whole tone is equal to the geometric mean of the 9:8
and 10:9 whol e tones produced by ajust tuning.

4. Twelve-tone equal temperament (12TET) - Our modern standard for tuning fixed-pitched instruments
that divides the octave into 12 equal-sized intervals, making free modulation without interval mutation
possible.

For excellent introdudion to jugt intonetion, as well as amore detailed historical perspective on
tuning theory, conailt Kyle Gann@ Jug Intonaion Explained and An Introdudion to Historical

Tunings

The Path to Consonance and Dissonance

The nineteenth-century physcist Herman von Helmholtz (1821-1894 proposd atheory of
connance and dissonance based on the overtoneseries, beating and roughnes. When two pure
toneswhos frequendes are very close oneanothe (e.g., 440Hz. and442Hz.) are soundel
togdher, we percelve asingle complex tonewhos frequency istheaverage of thetwo pure
tones (441 Hz.) with a periodic variation in the perceived loudness of thetonecalled beats that
varies at rate equd to the difference of thetwo frequendes (2 bests pe second). Thisis known
asthebeat theorem and the process of eliminaing beats fromintervalsis familiar to most
mugciansbecause it is used in thetuning of many ingruments. Thoughperhgpsa gross
ovesmplification of theactua physcal modd, it is often convenient to think of muscal tones as
congsting of a series of harmonically-related pure tonecomponents abovethe fundanental pitch
we perceive. Additiondly, recall tha these pure tone components generally diminish in
perceived loudness as oneascends the overtoneseries. Furthermore, recent studies by musc
psychologists suggest tha only thefirst six pure tone components contribute significantly to our
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classification of intervals as either consonant or dissonant. ThoughHelmholtz®3 theory is now
congdered to betoo simplistic fromthe point of view of modean physcs and psychoacoudics, it
is still worthy of study because it provides ingghtinto therelationship tha exists between the
overtoneseries and the common Gharmoniousintervals.OSince the time of Pythagoras, many
cultures have noted that frequency ratiosinvolving relatively small integers, such as 1:1, 2:1, 3:2,
4:3,5:3, 5:4, and 6:5, produce theintervals deemed harmonious stable or cononant. Helmholtz
proposd tha the degree of dissonane produced by a pitch interval isrelated to the degree of
roughneas produced by the partials of thetwo fundamental tones. According to Helmholtz,
roughnas was a qudity assodated with the numbe of semitoneand whole-toneconflicts among
the patias of thetwo fundanental tones. Please note tha theterm roughnas has a different
meaning in moden psychoacoudics. (For more information, see Bests, Critical Band, and
Roughnes). Fig. 11 shows thefirst six partia conflicts for ninecommon intervals.
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Fig. 11. Helmholtz degree of dissonance diagram after Campbell and Greated 1987.

Fundanenta tones are notated in thebass clef staff. Thefirst six partials of each fundamental
toneare shown in thetreble clef staff usng smaller noteheads Semitoneconflicts between
patials are indicated usng asolid line Whole-tone conflicts are indicated usng a dotted line. It
was assumed by Helmholtz tha a semitoneconflict was perceived to be more dissonant than a
whole-toneconflict. For each interval shown in Fig. 11, compare the number of semitoneand
whole-toneconflicts. Youwill findthat theinterva 16:15 seemsto produce the mos roughnes,
followed by 9:8, 8:5, and so on. It should al'so bementioned that musc psychologists make a
distinction between sensory connarce/dissonane and mudcal connan@/dissonane, and
have demondrated that factors such asregister and loudness play alargerole in howwe peceive
therelative cononance or dissonance of mugcal intervals.

ThePath to Timbre

In the 1970sJohn Grey, James A. Moorer, and J. C. Risset were some of thefirst mugcian-
scientists to use computers to andyze the soundsproduced by acoudic ingruments. Using
computers, they were able to isolate theindividud partials of acoudic ingrument tones and show
how each partial's amplitudeprogressed independently throughtime. Fig. 12 displays an andysis
of atrumpe toneproducd by Grey and Moorer (Dodge1997)
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Fig. 12. The amplitude progressions of the partials of a trumpet tone.

Thegraphin Fig. 12is 3-dimengond. Thethree dimensonsare: 1) time, read |eft-to-right, 2)
amplitude read down-to-up, and 3) patial number, read back-to-frort. Thistypeof diagram is
called a spectral diagram because it unvelsthefrequency components of a soundsource. Recall
tha when lightis passed througha prism, theindividud frequency component (colors) of white
lightare unveled because they travel at different speedsthroughthe glass medium. Similarly,
Fig. 12 shows thefirst twelve partials of atrumpe tone Thefirst .5 secondsof thetrumpet tone
are displayed. Notice howthelower patialsrisefirst. Also notice howthelowest tone
components are both theloudest and the last to decay. Fromthis andysis we can see tha the
basic building blocks of atrumpet tonecan beexpressed as harmonic partials (or perhgps more
accurately, nearly-hamonic patias). In 1822,the French mathematician Jean Baptist Fourier
(17681830)came forth with a mathematical proof demondrating tha any waveform or signd,
no matter how complex, could bereduced to an infinite set of sinuidd components. Thistype
of andysisiscaled Fourer andysis. Mos muscal ingruments produe waveforms tha have
been foundto be periodic or at least quas-periodic, meaning tha a basic waveshgpeis repested
over-and-over throughoutthe course of thetone Fourer andysis can beimplemented on moden
persond computers usng a computationdly intendve algorithm known as the Fag-Fourier
Trandorm (FFT). On today@ fast persond computers, the FFT agorithm can be executed in
real-time, opening up myriad possibilities for andysis and applicationsin live paformance, in
addition to itstraditiond use MP3 and other perceptud encoding compression techniques.

On thehuman auditory system
CE periodic is aterm frequently used by scientists and engineers to describe alarge
class of signals whose component parts fall in the harmonic series, but in fact signa's
in nature are not periodic, and the human auditory system knows this to be s0.0
John Chowning, Perceptual Fusion and Auditory Per spective

-10-
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